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In a recent note, J. J. Levin [I] considered the equation 
x’(t) = - 1; a(t - T)g(x(T)) dT 
and proved that if a > 0, a’ < 0, a” > 0, a”’ < 0, xg(x) > 0 for x # 0, 
and jrmg([) d[ = co, then I ---f 0, x’-•r 0, X” -+O. In this note we will 
study the same equation with the methods of V. M. Popov and this will 
permit us to obtain some improvements of the results of J. J. Levin. 
1. Let x(t) be a solution of (1) and 
for f <0 io for t < 0 
for t>O’ ?7(t) = (x’(t) for t>,O’ 
Then (1) becomes 
a(t - T) e(~) dT 
i.e. an equation of the form studied by V. M. Popov in [2] 
We have 
and the condition (2) from [2] is verified with 
k, = jzco’g(a) dci I‘& -0. 
* 0 
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We obtain the inequality 
Observe that 
j: t(S) 17(S) ds = ,: f(S) ds s: U(S - T) &) dT = J‘,J‘ U(S - T) t(S) [(T) ds dT 
where A is the domain 0 < s < t, 0 < r < s. We define u(t) for t < 0 by 
u(- t) = u(t). 
Then 
j: t(S) ds 1’ U(S - T) &) d7 = j: &) dT j’ U(T - S) &) dT 
s b 
= j: &) dT j7 a(~ - S) t(S) ds = j”&) 7](~) d7 
0 0 
and 
jt t(S) ?I(~) ds = 8 j,J’ U(S - T) t(S) &) ds d7 
0 
where D is the domain 0 < s < t, 0 < r < t. 
Suppose that the function u(t) defines a positive kernel, i.e, 
Then 
SJ’ u(s - T) &) e(s) ds dT > 0. D 
s t C(s) 4s) 2 0 
X(t) Z(O) 
and 
0 I 
o g(a) da < j, g(a) da; 
but 
-.tm 
* 0 g(a) da = Oc, I 
and we can conclude that / x(t) 1 < ~~(1 x(O) I) (here and in what follows 
To 7 Tl, ... will be monotone and continuous functions). Moreover, in the 
same condition of positivity, we have 
s t W v(s) ds 2 Tu$=,i 1 rl(t) 120 
so that 
& I v(t) I2 G j~'"k4 da and I x’(t) I < Vl(l 48 I). 
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If we suppose that a’(t) exists, and a’ ~Li(0, co), then 
x”(t) = - a(0) &x(t)) - ,: u’(t - 7) g@(T)) d7 
and we obtain 
I x”(t) I < %(I 40) I). 
2. Suppose now that the more restrictive condition is satisfied: it is an 
es > 0 such that the kernel a(~ - T) - cOe-als-zl is positive, i.e., 
SI {u(s - T) - cOe-a18-T1} u(s) U(T) ds dT > 0 D 
for all two-dimensional interval D and all integrable functions U. 
If b(s - T) = a(~ - T) - c0e-ats-71 we shall have 
jt 5‘(s) ~(4 ds = + j, j 4s - 7) E(s) W ds dT 
0 
=- 
B j 
D 
j b(s - T) t(s) t(T) ds dT + $ j 
D 
j ecui bpTl t(S) t(T) ds dr. 
By assumption the kernel b(s - T) is positive; then 
1: t(s) T(S) ds = j:‘“’ g(a) da - jl’“’ g(a) da 2 2 j,j ecals-TI ((7) t(s) ds d7 
f(T) dT = E,, j: t(s) t.(s) ds 
where 
is the solution of the equation 
4 -=- == ds 4 + E, go) 0. 
The result follows: 
1 - j’(‘)g(4 da 2 j: E(s) 5(s) ds = j: (f + 4) 5ds 
Eo 0 
s 
t = &P(t) + fx c’(s) ds. (2) 
0 
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But [ is bounded and this implies that < is bounded; the inequality (2) 
she\\-s that Ji p(s) ds is convergent. 
The fact that < and [ are bounded implies that d{,‘ds is bounded, so that < 
is uniformly continuous on the half axis s 0, and 5” is uniformlv con- 
tinuous. A lemma of Barbalat [3] implies that <a -+ 0 and consequently 
< --•, 0. The fact that .X is bounded and g continuous implies that g(.x(t)) is 
uniformly continuous on the half-axis t _ 0, i.e. 6 is uniformly continuous; 
from the uniform continuity of < and [ it follows that dl;/dt is uniformly 
continuous. From < + 0 and the uniform continuity of d<idt it follows from 
the lemma of Barbalat that dQdt - 0 and from < ---f 0, d&‘dt - 0 results that 
[ ---+ 0, i.e. g(x(t)) - 0, which implies s -+ 0. 
If we suppose that a’ exists and belongs to L1, and lim, )z a(t) exists, then 
s ” -+ 0. From s -+ 0, X” --, 0 again from the lemma of Barbalat we obtain 
s’ + 0. 
\Ve proved the following 
‘I’HEOREM. If U(t) - E,,-~~ (t 3 0) defines a positive kernel and a’ EL’, 
N ---+ n, , then 
for all solutions of (I). 
3. We shall prove now that our conditions are less restrictive then Levin’s 
conditions. 
A necessary and sufficient condition for the positivity of the kernel defined 
by the bounded function k(t) is that Re p > 0 implies Re F(p) > 0, where 
F(P) =- 1: e -lJt k(t) dt. 
11-e have 
-m 
! 
e-“‘“(a(t) -.- <oe-l*) dt = 
0 
cc e-L” a(t) dt - c0 J-m ec(*lAmx)f dt
0 0 
=I 
oc 
e-(8+iw)t a(t) dt _~ 2!!- 
0 P+a 
Re ia 
s 
c.2 
e-pt(a(t) - Eoecat) dt = Re 
‘0 0 
e-l@+iw)t a(t) dt - (~ ~~)~~)u2. 
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Suppose that a > 0, a’ < 0, a” 3 0 (these conditions are less restrictive than 
the Levin’s conditions). Then 
Re O” 
s 
e-(8i-iw) t u(t) & 
0 
s m == Re e-t~+iw)t a, dt + Re 0 j 
cc 
,-ct9+iw, t 
0 
[J’I U”(T) (T - t) d*] dt 
t 
T&‘(T) d7 - e-8’ sin ~7 U”(T) d7 
.i 
$1 - e-O7 cos WT) U”(T) d7. 
If a, # 0 we observe that for co sufficiently small 
The same conclusion may be obtained if a, = 0 if we consider the second 
term j?y/(pa + w2), where y = Jr MU” &. It remains to observe that the 
last two terms have a positive sum, and so if a 2 0, a’ < 0, a” > 0 the con- 
ditions of the theorem are verified. 
4. The same method can be applied to the equation 
x’(t) = - 1” u(t, 7) g(x(r)) dT 
0 
which, with our notations, may be written 
?W = j4, 4, T><(T) dr . 
We have 
j" 5(s) ds) ds = 3 j,j 6 T) 5(s) 4(d ds d7 
0 
where a(s, 7) is defined for 7 > s by u(s, T) = ~(7, s). If the kernel 
u(s, T) - l oe-+-” is positive and natural conditions are imposed to a,’ 
the above results are still valid. In the same way generalizations to systems 
are possible. 
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